We formulate the (co)bar construction theory of dg K-(co)rings and the calculus theory of the Hochschild homology and cohomology of dg K-rings. As applications, we compare the Hochschild (co)homologies of a complete typical dg K-ring and its Koszul dual. Moreover, we show that the Koszul dual of a finite dimensional complete typical d-symmetric dg K-ring is a d-Calabi-Yau dg algebra whose Hochschild cohomology is a Batalin-Vilkovisky algebra. Furthermore, we prove that the Hochschild cohomologies of a finite dimensional complete typical d-symmetric dg Kring and its Koszul dual are isomorphic as Batalin-Vilkovisky algebras. In conclusion, we found a connection between the Batalin-Vilkovisky algebra structures on the Hochschild cohomologies of d-Calabi-Yau dg algebras and d-symmetric dg K-rings.
isomorphic as BV algebras. To this end, we have to prove ΩA ∨ is homologically smooth [22] . It is here that we need the condition that A is complete. Recall that a finite dimensional algebra A is elementary if the factor algebra A/radA of A modulo its Jacobson radical radA is isomorphic to k t for a positive integer t (See [3] ). In fact, if k is an algebraically closed field, every finite dimensional k-algebra is Morita equivalent to a finite dimensional elementary algebra [2] . A finite dimensional elementary algebra must be isomorphic to a bound quiver algebra [3] , thus one can study its representation theory by the combinatorics, geometry and topology of the quivers. Note that (bound) quiver algebras play quite important roles in representation theory of algebras [2] and Calabi-Yau algebra theory [14] . A bound quiver algebra A = kQ/I, where Q is a finite quiver and I is an admissible ideal of the path algebra kQ, is certainly an augmented algebra whose augmentation could be given by a natural projection A ։ A/radA ։ k. However, A is not complete unless Q is a quiver with only one vertex, which causes some important known results can not be applied to bound quiver algebras directly, especially, the difficulty in proving the homological smoothness of ΩA ∨ . Nonetheless, a bound quiver algebra kQ/I is always a complete K-ring where K = kQ 0 ∼ = k |Q0| . Now that we hope our main results are applicable to all ordinary symmetric algebras, at least all elementary symmetric algebras, we have to study (dg) K-(co)rings introduced by Sweedler [32] instead of (dg) k-algebras.
In this paper, firstly, we will formulate the (co)bar construction theory of dg K-(co)rings. Note that such bar constructions for bound quiver algebras have been already studied by Cibils in [7] , and such (co)bar constructions for augmented dg K-(co)rings have been investigated by He in his doctoral thesis [15] . Here, we will generalize, complete and improve their results. Secondly, we will formulate the calculus theory of the Hochschild homology and cohomology of augmented dg K-rings mimicking the augmented dg k-algebra case in [34, 33, 8, 11] . Now that we will adopt the K-reduced two-sided bar resolution in the sense of Cibils [7] instead of the ordinary two-sided bar resolution of an augmented k-algebra, this formulation is necessary. Furthermore, we will apply the theories above to compare the Hochschild (co)homologies of a complete typical dg Kring A and its Koszul dual ΩA ∨ . We will show that HH
∨ , and the latter is compatible with Connes operators (Theorem 8), which generalize some results in [9] . Moreover, we will prove that the Koszul dual ΩA ∨ of a finite dimensional complete typical d-symmetric dg Kring A is a d-CY dg algebra (Theorem 9). For later use, we will revise the results that the Hochschild cohomologies of some d-CY dg algebras and d-symmetric dg K-rings are BV algebras, such that all involved operators are defined in Kreduced version. Finally, we prove that the Hochschild cohomology HH
• (ΩA ∨ ) of the Koszul dual ΩA ∨ of a finite dimensional complete typical d-symmetric dg K-ring A is a BV algebra, and HH
• (ΩA ∨ ) and HH • (A) are isomorphic as BV algebras (Theorem 15). Restricted to ordinary algebras, our results imply if A is an elementary symmetric algebra then the Koszul dual ΩA ∨ is a 0-CY dg algebra, HH
• (ΩA ∨ ) is a BV algebra, and HH • (A) and HH • (ΩA ∨ ) are isomorphic as BV algebras. In conclusion, we found a connection between BV algebra structures on the Hochschild cohomologies of d-CY dg algebras and d-symmetric dg K-rings.
We refer to [10, 4] for dg algebras and dg homological algebra. For derived categories of dg algebras, we refer to [20] . In the differential graded situation, we always use the Koszul sign rule, i.e., we add the sign (−1) |x||y| once we exchange the positions of two graded objects x and y of degree |x| and |y| respectively. For example, if f : V → V ′ and g : W → W ′ are two morphisms of graded k-vector spaces then the tensor product f ⊗ g :
|g||v| f (v) ⊗ g(w) for all v ∈ V and w ∈ W . By convention, in a dg k-module, an element of lower degree i ∈ Z is of upper degree −i. Unless stated otherwise, ⊗ := ⊗ K .
(Co)bar constructions of dg K-(co)rings
In this section, we formulate the (co)bar construction theory of dg K-(co)rings. In the case of t = 1, i.e., K = k, it is just the classical (co)bar construction theory of k-(co)algebras (See [27, 18, 10] ).
Dg K-(co)rings
The concepts of K-ring and K-coring were introduced by Sweedler in [32] .
Dg K-rings. A (unital, associative) K-ring A = (A, µ, η) is a K-bimodule A equipped with two K-bimodule morphisms µ : A ⊗ A → A, called product, and η : K → A, called unit, satisfying µ • (µ ⊗ id) = µ • (id ⊗ µ) and µ • (η ⊗ id) = id = µ • (id ⊗ η), i.e., the following two diagrams are commutative:
id⊗η e e ❑ ❑ ❑ ❑ ❑ ❑ ❑ ❑ ❑ A morphism from a K-ring (A, µ, η) to a K-ring (A ′ , µ ′ , η ′ ) is a K-bimodule morphism f : A → A ′ satisfying f • µ = µ ′ • (f ⊗ f ) and f • η = η ′ , i.e., the following two diagrams are commutative:
A graded K-ring A = (A, µ, η) is both a graded K-bimodule A = i∈Z A i and a K-ring (A, µ, η) such that both µ and η are graded K-bimodule morphisms. A morphism of graded K-rings is both a morphism of graded K-bimodules and a morphism of K-rings. A differential graded (dg) K-ring A = (A, µ, η, d) is both a dg K-bimodule (A, d) whose differential d : A → A is of degree −1, and a graded K-ring (A, µ, η), such that both µ and η are morphisms of dg Kbimodules. A morphism of dg K-rings is both a morphism of dg K-bimodules and a morphism of graded K-rings. An augmented dg K-ring A = (A, µ, η, d, ε) is a dg K-ring (A, µ, η, d) equipped with a dg K-ring morphism ε : A → K, called the augmentation of A, satisfying ε • η = id K . If A is an augmented dg K-ring then A = K1 A ⊕ A where 1 A = η(1 K ) and A = Kerε, called the augmentation ideal of A. We always identify K1 A with K. A morphism of augmented dg K-rings is a morphism of dg K-rings f :
Dg modules. Let (A, µ, η) be a K-ring. A left A-module M = (M, µ l ) is a left
e., the following two diagrams are commutative:
Similarly, we can define a right A-module M with a right action µ r : M ⊗A → M . Let A and B be two K-rings. An A-B-bimodule M = (M, µ l , µ r ) is not only a Kbimodule but also a left A-module (M, µ l ) and a right B-module
i.e., the following diagram is commutative:
. Similarly, we can define a morphism of right modules and a morphism of bimodules. Let A be a graded K-ring. A graded left A-module M = (M, µ l ) is both a graded left K-module M = ⊕ i∈Z M i and a left A-module (M, µ l ) such that µ l is a morphism of graded left K-modules. A morphism of graded left A-modules is both a morphism of graded left K-modules and a morphism of left A-modules. Similarly, we can define a graded right A-module and a morphism of graded right A-modules. Let A and B be two graded K-rings. A graded A-B-bimodule M = (M, µ l , µ r ) is both a graded K-bimodule M = i∈Z M i and an A-B-bimodule (M, µ l , µ r ) such that both µ l and µ r are morphisms of graded Kbimodules. A morphism of graded A-B-bimodules is both a morphism of graded K-bimodules and a morphism of A-B-bimodules. Let A be a dg K-ring.
l is a morphism of dg left K-modules. A morphism of dg left Amodules is both a morphism of dg left K-modules and a morphism of graded left A-modules. Similarly, we can define a dg right A-module and a morphism of dg right A-modules. Let A and B be two dg K-rings.
) and a graded A-B-bimodule (M, µ l , µ r ) such that both µ l and µ r are morphisms of dg K-bimodules. A morphism of dg A-B-bimodules is both a morphism of dg K-bimodules and a morphism of graded A-B-bimodules. For dg k-modules M and M ′ , the switching map
It is still denoted by τ M,M ′ , which can not cause any confusion. Remark 1. A dg K-ring A could be viewed as the dg k-category A with objects e 1 , · · · , e t which is the canonical k-basis of K = k t , and Hom-sets Hom A (e i , e j ) := e j Ae i , ∀1 ≤ i, j ≤ t. Moreover, a dg right A-module is nothing but a dg functor from A op to Difk (See [20] ). Therefore, we have the derived category theory of dg K-rings.
Opposite dg K-rings. Let A be a dg K-ring. Then A is a dg K-bimodule with the left action µ l and the right action µ r . Denote byÃ the dg K-bimodule A with the left actionμ
−→ A and the right actioñ
|a||b| b⊗a, unitη : K →Ã, x → η(x), and differentiald :Ã →Ã, a → d(a). The dg K-ring (Ã,μ,η) is called the opposite dg K-ring of A, denoted by A op . If A is an augmented dg K-ring then the opposite dg K-ring A op of A automatically admits an augmentationε :Ã → K, a → ε(a). Obviously, a dg left (resp. right) A-module M over an (augmented) dg K-ring is just a dg right (resp. left) A op -module over its opposite (augmented) dg K-ring, and vice versa.
Tensor products of dg K-rings. Let A and B be two dg K-rings. Then the tensor product A ⊗ k B of A and B is a dg (
• ∆, i.e., the following two diagrams are commutative:
is both a graded K-bimodule C = i∈Z C i and a K-coring (C, ∆, ε) such that both ∆ and ε are morphism of graded K-bimodules. A morphism of graded K-corings is both a morphism of graded K-bimodules and a morphism of K-corings.
and a graded K-coring (C, ∆, ε), such that both ∆ and ε are morphisms of dg K-bimodules. A morphism of dg K-corings is both a morphism of dg Kbimodules and a morphism of graded K-corings. A coaugmented dg K-coring C = (C, ∆, ε, d, η) is a dg K-coring (C, ∆, ε, d) equipped with a dg K-coring morphism η : K → C, called coaugmentation, satisfying ε • η = id K . If C is a coaugmented dg K-coring then C = K1 C ⊕ C where 1 C = η(1 K ) and C = Kerε, called the coaugmentation coideal of C. We always identify K1 C with K. A morphism of coaugmented dg K-corings is a morphism f :
Similarly, we can define a right C-comodule with a right coaction
is not only a K-bimodule N but also a left C-comodule (N, ∆ l ) and a right
Similarly, we can define a morphism of right comodules and a morphism of bicomodules. Let C be a graded K-coring. A graded left C-comodule N = (N, ∆ l ) is both a graded left K-module N = i∈Z N i and a left C-comodule (N, ∆ l ) such that ∆ l is a morphism of graded left K-modules. A morphism from a graded left C-comodule N to a graded left C-comodule N ′ is both a morphism of graded left K-modules and a morphism of left C-comodules.
l is a morphism of dg left K-modules. A morphism of dg left C-comodules is both a morphism of dg left K-modules and a morphism of graded left C-comodules. Similarly, we can define a graded right comodule, a morphism of graded right comodules, a graded bicomodule, a morphism of graded bicomodules, a dg right comodule, a morphism of dg right comodules, a dg bicomodule, and a morphism of dg bicomodules.
∨ be the graded k-dual functor on the category of dg k-modules, i.e.,
Note that g(u) = 0 if |g| + |u| = 0, since k is concentrated on degree 0. When U and V are locally finite and bounded above (resp. below), i.e.,
is a locally finite bounded below (resp. above) coaugemented dg K-coring.
Obviously, a finite dimensional augmented dg K-ring A is complete if and only if its augmentation ideal A is nilpotent, i.e., there is a positive integer n such that A n = 0. A locally finite, bounded above or below, augmented dg K-ring A is complete if and only if A ∨ is cocomplete.
Tensor dg K-rings. The tensor dg K-ring of a dg K-bimodule V is the augmented dg K-ring
whose differential d is given by d| V ⊗n := 0 if n = 0 and
if n ≥ 1, and whose augmentation is the projection ε : T (V ) ։ K, For a dg k-module M and m ∈ Z, we denote by Z m M the subspace of M consisting of all m-cycles. Analogous to [27, Proposition 1.1.1], we have the following result:
Here, ADGR denotes the category of augmented dg K-rings.
Proof. For any f ∈ Z 0 Hom K e (V, A), f is homogeneous and commutes with differentials. We extend f tof :
Thenf is a morphism of augmented dg K-rings. On the other hand, for any f ∈ Hom ADGR (T (V ), A), A) . These two constructions are inverse to each other.
Analogous to [18, 2.4 . Proposition], we have the following result:
). These two constructions are inverse to each other.
and n ≥ 1, and ∆(1) = 1 ⊗ 1, whose counit is the projection ε :
by d| V ⊗n := 0 if n = 0 and 
Here, CDGC denotes the category of coaugmented dg K-corings.
Proof. For any f ∈ Z 0 Hom K e (C, V ), f is homogeneous and commutes with differentials. We extend f tof :
Since C is cocomplete,f is well-defined and it is a morphism of coaugmented dg K-corings. On the other hand, for any f ∈ Hom CDGC (C, T c (V )),
. These two constructions are inverse to each other.
Analogous to [18, 2.6 . Proposition], we have the following result:
On the other hand, for any
Twisting morphisms
Convolution dg K-rings. Denote by Hom K e (C, A) the k-vector space of all graded K-bimodule morphisms from C to A of arbitrary degree. Then Hom K e (C, A) is an augmented dg K-ring, called the convolution dg K-ring from C to A, whose product is the convolution product, i.e., f ⋆ g :
Denote by Tw(C, A) the set of all twisting morphisms from C to A.
For any α ∈ Tw(C, A),
is an augmented dg K-ring, called the twisting convolution dg K-ring.
For any α ∈ Tw(C, A), the twisted differential d α on C ⊗ A is given by
is a dg K-bimodule, called the right twisted tensor product. Indeed, C ⊗ α A is both a dg left C-comodule and a dg right A-module. Similarly, we can define the left twisted tensor product
Proof. Since α is a twisting morphism, we have
(4) Similar to (3).
More generally, let M be a dg left A-module, N a dg right C-comodule, and
is a dg k-module, called the right twisted tensor product. Similarly, let M be a dg right A-module, N a dg left C-comodule, and α ∈ Tw(C, A). Then the left twisted tensor product
Lemma 2. Let A be a locally finite, bounded above (resp. below), augmented dg K-ring, C a locally finite coaugmented dg K-coring, and α ∈ Tw(C, A).
(2) if C is bounded above (resp. below) then the map ω C,A :
∨ and the map ω A,C :
. Indeed,
Finally, since A and C are locally finite, φ is an isomorphism of dg K-bimodules. Therefore, φ is an anti-isomorphism of dg K-rings.
(2) Since both A and C are locally finite and bounded above, ω C,A is an isomorphism of graded K-bimodules. Thus it is enough to prove ω C,A commutes with differentials, i.e., d
(3) Since both A and C are locally finite and bounded above, ω C,A is an isomorphism of graded K-bimodules. Thus it suffices to show ω C,A commutes with differentials. Indeed,
(Co)bar constructions
Bar construction. Let A = K ⊕ A be an augmented dg K-ring. The dg K-bimodule sA, where s is the suspension functor which is also denoted by [1] sometimes, determines the cocomplete coaugmented dg K-coring
where s in sa i is the suspension map on A. By definition, the differential d 0 is given by
Consider the map f :
whose product µ, unit η, differential d 0 and augmentation ε have been defined before. Write c 1 |c 2 | · · · |c n for the homogeneous element s
Note that we always omit and brackets in Sweedler's notation ∆(c) = c (1) ⊗ c (2) . The graded K-bimodule morphism f is of degree
Adjointness. Analogous to [27, Theorem 2.2.6], we have the following result: Theorem 1. Let A be an augmented dg K-ring and C a cocomplete dg Kcoring. Then there exist natural bijections
In particular, Ω is left adjoint to B.
, similar to the proof of Proposition 1, we could show that ϕ induces a unique augmented dg K-ring morphism Φ : ΩC → A given by Φ| K = id K and 
where g α : ΩC → A is a morphism of augmented dg K-rings and f α : C → BA is a morphism of coaugmented dg K-corings, which implies that π and ι are universal twisting morphisms.
Theorem 2. Let A be an augmented dg K-ring and C a cocomplete dg Kcoring. Then
(1) the dg K-bimodules BA ⊗ π A (resp. A ⊗ π BA) is quasi-isomorphic to K as dg right (resp. left) A-module, and called the one-sided bar resolution of dg right (resp. left) A-module K.
(2) the dg K-bimodules C ⊗ ι ΩC (resp. ΩC ⊗ ι C) is quasi-isomorphic to K as dg left (resp. right) C-comodule, and called the one-sided cobar resolution of dg left (resp. right) C-comodule K.
Proof. Let p : BA ⊗ π A ։ K ⊗ K = K be the natural projection and i :
e., BA ⊗ π A is homotopy equivalent, thus quasi-isomorphic, to K. Similar for other cases.
Quasi-isomorphisms. The counit ǫ and the unit ν of the adjoint pair (Ω, B) are quasi-isomorphisms. Theorem 3. Let A be an augmented dg K-ring and C a cocomplete dg Kcoring. Then the counit ǫ : ΩBA → A is a quasi-isomorphism of dg K-rings, and the unit ν : C → BΩC is a quasi-isomorphism of dg K-corings.
Proof. Applying Theorem 1 to C = BA, we have Hom ADGR (ΩBA, A) ∼ = Tw(BA, A) and ǫ is completely determined by π A . By the proof of Theorem 1, we get that ǫ : ΩBA → A maps [a 1 ]| · · · |[a n ] to a 1 a 2 · · · a n for all a 1 , a 2 , · · · , a n ∈ A, a to a for all a ∈ K, and others to 0. Define a dg Kbimodule morphism λ : A → ΩBA by mapping a to [a] if a ∈ A, and a to a if a ∈ K, and a graded K-bimodule morphism s : ΩBA → ΩBA of degree 1 by
if n ≥ 2, and others to 0, where
Thus ǫ is a homotopy equivalence, in particular, a quasi-isomorphism. Applying Theorem 1 to A = ΩC, we have Hom ADGC (C, BΩC) ∼ = Tw(C, ΩC) and ν is completely determined by ι C . By the proof of Theorem 1, we get that ν : C → BΩC maps c ∈ K to c, and c ∈ C to
], where
.
] if m ≥ 2 and n ≥ 0, and to 0 otherwise, where
Thus ν is a homotopy equivalence, in particular, a quasi-isomorphism.
Lemma 3. Let A be an augmented dg K-ring, C a cocomplete dg K-coring, α ∈ Tw(C, A) and N a dg C-bicomodule. Then the dg A-bimodule A ⊗ α N ⊗ α A is semi-projective.
Then N admits a dg C-bicomodule filtration
Since C is cocomplete, for any c ∈ C, there exists a positive integer n such that ∆ n (c) = 0. Hence, for any 
Such a filtration of N induces an exhaustive dg A-bimodule filtration of A ⊗ α N ⊗ α A:
Thus the differentials of the dg A-bimodule subfactors
e., all these subfactors are relatively projective dg A-bimodules [20] . Therefore, A ⊗ α N ⊗ α A is semi-projective.
Two-sided bar resolutions. For an augmented dg K-ring A, there is a standard semi-projective resolution of the dg A-bimodule A, i.e., its two-sided bar resolution.
Theorem 4. Let A be an augmented dg K-ring. Then A⊗ π BA⊗ π A is a semiprojective resolution of the dg A-bimodule A, called the two-sided bar resolution of A. More precisely, A ⊗ π BA ⊗ π A is a semi-projective dg A-bimodule and the compositionμ
is a quasi-isomorphism of dg A-bimodules.
Proof. Since BA is cocomplete, by Lemma 3, the dg A-bimodule A ⊗ π BA ⊗ π A is semi-projective. To prove thatμ is a quasi-isomorphism, it is enough to show thatμ is a homotopy equivalence. For this, we define a homotopy inverse
Thus µ is a homotopy equivalence.
Remark 2. The two-sided bar resolution A ⊗ π BA ⊗ π A of an augmented dg K-ring A is a semi-projective resolution of the dg A-bimodule A, which is smaller than the usual two-sided bar resolution of the augmented dg algebra A. Use this smaller semi-projective resolution, some calculations on Hochschild (co)homology and cyclic homology become simpler [7] .
Hochschild (co)homologies of dg K-rings and their Koszul duals
In this section, we will formulate the calculus theory of the Hochschild homology and cohomology of augmented dg K-rings, and compare the Hochschild (co)homologies of a complete typical dg K-ring A and its Koszul dual ΩA ∨ . Moreover, we will study the homological smoothness of ΩA ∨ .
Calculi
Hochschild cochain complex. The Hochschild cochain complex of A is 
and δ 1 is the external differential given by
(|a j | + 1).
Remark 3.
(1) The definition of δ, more precisely, δ 1 , here is somewhat different from that in [30, 1, 16] . Indeed, ours is induced from the K-reduced two-sided bar resolution.
(2) Compare with the calculus theory in other literatures, we use K-reduced two-sided bar resolution here rather than the ordinary two-sided bar resolution as a semi-projective resolution of the dg A-bimodule A. Thus our Hochschild cochains are different, more precisely, less. However, the related results and their proofs are same. Just because of this, we only look though the whole calculus theory but omit almost all proofs.
Cup product. For f ∈ C m (A) and g ∈ C n (A), the cup product f ∪ g ∈ C m+n (A) is defined by
where ε m := m j=1 (|a j | + 1) as before.
Remark 4.
Since BA is a coaugmented dg K-coring and A is an augmented dg K-ring, Hom π K e (BA, A) is an augmented dg K-ring on convolution product. The cup product is just the convolution product.
The cup product satisfies the following properties:
By Lemma 4 (1), the cup product on C • (A) can induce the cup product on HH
• (A). It follows from Lemma 4 (2) and (3) that (HH • (A), ∪) is a graded commutative associative algebra.
where the product • is defined by
The Gerstenhaber bracket [−, −] satisfies the following properties:
3) (Graded Jacobi identity):
By Lemma 5 (1), the Gerstenhaber bracket on C • (A) can induce the Gerstenhaber bracket on HH • (A). It follows from Lemma 5 (2) and (3) that (HH •+1 (A), [−, −]) is a graded Lie algebra.
Graded Leibniz rule. The cup product and the Gerstenhaber bracket are related by the graded Leibniz rule: 
and b 1 is the external differential given by:
where
Connes operator. The Connes operator B on C • (A) is defined by
It satisfies B 2 = 0 and Bb+bB = 0. Thus it can induce a differential of HH • (A) of degree 1.
Operator i f . For any f ∈ C m (A), the cap product [5] induces an operator i f on C • (A) given by
The operator i f satisfies the following properties:
Lemma 7 implies that if f is a Hochschild cocycle then the operator i f can induce an operator i f on HH • (A). Moreover, the map i : HH
• (A) → End(HH • (A)), f → i f , is an (anti-)morphism of graded algebras, i.e., HH • (A) is a graded (right/left) module over the graded commutative associative algebra (HH
The operator L f satisfies the following properties: Operator S f . To f ∈ C m (A), we associate an operator S f on C • (A) given by
Lemma 8 implies that if f is a Hochschild cocycle then the operator
The operators i f , L f and S f are related by the Cartan formula:
Lemma 9. For all f ∈ C m (A), one has the Cartan formula
Operator T (f,g) . To f ∈ C m (A) and g ∈ C n (A), we associate an operator
where η i,j := (η p − η i−1 )η i−1 + (|g| + 1)(η p − η i−1 + η i−1 + 1) and a 0 must be located between f and g.
The operators i f , L f and the Connes operator B on HH • (A) satisfy the following properties:
Proof.
(1) and (2) (4) and (2), we have
is a Gerstenhaber algebra; (2) M −• is a graded module over the graded commutative associative algebra G
• , and the action of a ∈ G
• is a graded left module over the graded Lie algebra G •+1 , and the action of a ∈ G
By Lemma 11, we have the following result:
We will see that it is exactly the calculi that determine the BV algebra structures on the Hochschild cohomologies of d-CY dg algebras and d-symmetric dg K-rings.
Comparison
Assume that A is a locally finite, bounded above or below, complete dg K-ring, which ensures that A ∨ is a locally finite cocomplete dg K-coring. In this part, we will study the relations between the Hochschild (co)homologies of A and its Koszul dual. Here, the Koszul dual of a locally finite, bounded above or below, augmented dg K-ring A is defined to be ΩA ∨ (See [37, 21] ). In some literatures, it is defined to be the augmented dg K-ring (BA) ∨ = Hom k (BA, k) (See [20] ), whose product is µ : (BA)
∨ , whose unit is ε ∨ , whose differential is −d ∨ , and whose augmentation is η ∨ , where BA = (BA, ∆, ε, d, η) is the bar construction of A. In practice, ΩA ∨ is more convenient to handle than (BA) ∨ . Later on, we will see that if A is a typical dg K-ring then (BA) ∨ ∼ = ΩA ∨ .
Typical dg K-rings. A typical dg K-ring is a locally finite augmented dg K-ring A which is either non-negative or non-positive simply connected (i.e., A 0 = K and A −1 = 0). The typicality of a dg K-ring A ensures that both the bar construction BA and (BA) ∨ are locally finite. Let A be a typical dg K-ring. For any n ∈ N, we define a dg K-bimodule morphism
In fact, it is routine to check the following result:
∨ is an isomorphism of dg K-rings.
From now on, we often denote ΩA ∨ by Ω for simplicity.
A semi-projective resolution of ΩA ∨ . Recall that the bar construction of the augmented dg K-ring ΩA ∨ is the coaugmented dg K-coring BΩA ∨ = T c (sΩA ∨ ), and the map π :
−− → ΩA ∨ ֒→ ΩA ∨ is the universal twisting morphism. By Theorem 4, the two-sided bar resolution Ω ⊗ π BΩA ∨ ⊗ π Ω of Ω is a semi-projective resolution of the dg Ω-bimodule Ω. Due to the assumption at the beginning of this part, the dg K-coring A ∨ is cocomplete. On the other hand, by Theorem 3, we have a quasi-isomorphism of dg K-corings
] for all x ∈ A ∨ = A ∨ , and ν| K = id K . The composition
, and to 0 if x ∈ K. Obviously, ι is a twisting morphism, and the twisted tensor product Ω ⊗ ι A ∨ ⊗ ι Ω is a dg Ω-bimodule.
Proposition 6. Let A be a locally finite, bounded above or below, complete dg K-ring. Then the dg Ω-bimodule Ω ⊗ ι A ∨ ⊗ ι Ω is a semi-projective resolution of the dg Ω-bimodule Ω.
Proof. By assumption, the dg K-coring A ∨ is cocomplete. It follows from Lemma 3 that Ω ⊗ ι A ∨ ⊗ ι Ω is semi-projective. Next, we show that Ω⊗ ι A ∨ ⊗ ι Ω is quasi-isomorphic to Ω as dg Ω-bimodules. The quasi-isomorphism ν : A ∨ → BΩA ∨ induces a dg Ω-bimodule morphism
Define a dg Ω-bimodule morphism
, to x if n = 0, and mapping others to 0. Here
(|v j | + 1). Now it is enough to prove that the morphismν is a homotopy equivalence with homotopy inverseρ. For this, let s : (|v q | + 1) and
Remark 5. The completeness of A is crucial in the proof of Proposition 6. Let A be a finite dimensional elementary algebra, or equivalently, a bound quiver algebra A = kQ/I with Q a finite quiver and I an admissible ideal of kQ. Then A is a complete kQ 0 -ring with nilpotent augmentation ideal (Q 1 ). Certainly, A is also an augmented algebra with the augmentation given by some projection A ։ kQ 0 ։ k. However, in this case, A is not complete, or equivalently, the augmentation ideal is not nilpotent, in general. This is why we consider dg K-(co)rings rather than dg algebras.
Homological smoothness of ΩA ∨ . A dg algebra A is homologically smooth if A ∈ perA e (See [22, 14] ). Here, perA e is the perfect derived category of A e , i.e., the full triangulated subcategory of the derived category DA e of the dg algebra A e consisting of all perfect (=compact) objects, or equivalently, the smallest full triangulated subcategory of DA e containing A e and closed under direct summands [20] .
The following result generalizes [28, Proposition 5.6].
Theorem 7. Let A be a finite dimensional complete dg K-ring. Then ΩA ∨ of A is a homologically smooth dg algebra.
Proof. By Proposition 6, Ω ⊗ ι A ∨ ⊗ ι Ω is a semi-projective resolution of the dg Ω-bimodule Ω. Since A is finite dimensional, so is A ∨ . Thus the filtration of Ω ⊗ ι A ∨ ⊗ ι Ω given by the proof of Lemma 3 is finite. Moreover, every dg Ω-bimodule subfactor is a direct summand of a finite direct sum of shifts of Ω e , thus in perΩ e . Hence the dg Ω-bimodule Ω⊗ ι A ∨ ⊗ ι Ω lies in perΩ e , and further, Ω lies in perΩ e as well.
Comparison of Hochschild (co)homologies. Now we compare the Hochschild (co)homologies of a complete typical dg K-ring A and its Koszul dual Ω = ΩA ∨ .
of graded kmodules such that the following diagram is commutative:
(1) Since A is locally finite, from Lemma 2 (1), we obtain an antiisomorphism of dg K-rings
Since A is typical, by Proposition 5, we have a dg K-ring isomorphism ψ :
Thus it is a twisting morphism. It follows from Lemma 1 (1) that
is a dg K-ring isomorphism. Consequently, the composition
is an anti-isomorphism of dg K-rings. Moreover, the homotopy equivalencesν andρ in the proof of Proposition 6 induce the homotopy equivalences ν * and ρ * by the following diagram
By Lemma 1(2), ν * preserves convolution products. Then the composition
is a homotopy equivalence preserving convolution products with homotopy inverse θ := ρ * • ψ −1 * • φ. Since cup products coincide with convolution products, by taking cohomology, we obtain an (anti-)isomorphism of graded commutative associative algebras
Note that the differential of ΩA
∨ commutes with differentials, and thus is a dg k-module isomorphism.
By Lemma 2 (3), we have a dg k-vector space isomorphism
Moreover, the homotopy equivalencesν andρ in the proof of Proposition 6 induce the homotopy equivalencesν andρ by the following diagram
Consequently, we have a homotopy equivalence
ωA,BA•(ψ⊗id)•ρ
By taking homologies, we obtain a graded k-module isomorphism
and the following diagram is commutative:
Symmetric dg K-rings and Calabi-Yau dg algebras
In this section, we show that the Koszul dual ΩA ∨ of a finite dimensional complete typical d-symmetric dg K-ring A is a d-CY dg algebra, its Hochschild cohomology HH
• (ΩA ∨ ) is a BV algebra, and HH • (ΩA ∨ ) and HH • (A) are isomorphic as BV algebras.
Koszul duals of symmetric dg K-rings
Symmetric dg K-rings. Elementary symmetric algebra could be generalized to symmetric dg K-ring on three levels.
A dg bimodule isomorphism. In order to show that the Koszul dual of a finite dimensional complete typical d-symmetric dg K-ring is d-CY, we need a dg bimodule isomorphism. Let A be an augmented dg K-ring, C a finite dimensional coaugmented dg K-coring, and π ∈ Tw(C, A). Then the graded kdual C ∨ of C is an augmented dg K-ring. Its product defines a dg C ∨ -bimodule structure on C ∨ , which induces a dg C-bicomodule structure on C ∨ . The left coaction ∆ l is the image of ∆ ∨ under the composition
and the right coaction ∆ r is the image of ∆ ∨ under the composition
Thus Hom
is a dg A e -module with the A e -module structure induced from the inner action of A e on A e , i.e., a ⊗ b acts from the left on
where ∆(c) = c 1 ⊗ c 2 .
Lemma 12. Let A be an augmented dg K-ring, C a finite dimensional coaugmented dg K-coring, and π ∈ Tw(C, A). Then the map Φ :
Proof. Taking the canonical k-basis e 1 , · · · , e t of K = k t which is a complete set of orthogonal primitive idempotent elements of the k-algebra K, the map Φ is just the graded A-bimodule isomorphism
Now it is sufficient to show that Φ commutes with differentials, i.e.,
Since Φ is a graded A-bimodule morphism, by graded Leibniz rule, it is enough to prove that (
From the definition of ∆ r , we can obtain (−1) Thanks to Proposition 6, the semi-projective resolution Ω ⊗ π BΩA ∨ ⊗ π Ω of the dg Ω-bimodule Ω can be replaced with Ω ⊗ ι A ∨ ⊗ ι Ω.
Theorem 9. Let A be a finite dimensional complete typical derived d-symmetric dg K-ring. Then ΩA ∨ is a d-CY dg algebra.
Proof. Since A is a finite dimensional complete dg K-ring, by Theorem 7, ΩA ∨ is homologically smooth. The derived d-symmetry of A implies that there is an isomorphism
Since A is finite dimensional and typical, there is a dg
Taking the graded duals of dg A-bimodule quasi-isomorphisms
⊗n for all p ∈ N, which determines a spectral sequence:
Recall that the differential of Ω is d 0 + d 1 where d 0 preserves the weight of an element in Ω and
Since A is finite dimensional and typical, s −1 A ∨ is either non-positive or nonnegative. Then the filtration is bounded, and thus the spectral sequence is bounded and converges to the homology of Ω ⊗ ι A ∨ ⊗ ι Ω. Similarly, the dg Ω-bimodule Ω⊗ ιΩ ⊗ ι Ω admits a bounded filtration {F ′ −p | p ∈ N} which determines a bounded spectral sequence E ′ pq converging to the homology of Ω ⊗ ιΩ ⊗ ι Ω. The dg Ω-bimodule morphism id ⊗μ 
By Proposition 6 and Lemma 12, we have
RHom 
Batalin-Vilkovisky algebra isomorphisms
In this part, we show that for a finite dimensional complete typical d-symmetric dg K-ring A, the Hochschild cohomology HH
• (ΩA ∨ ) of ΩA ∨ is a BV algebra, and HH
• (ΩA ∨ ) and HH • (A) are isomorphic as BV algebras.
Batalin-Vilkovisky algebras. Batalin-Vilkovisky algebra structure is subtler than Gerstenhaber algebra structure. 
BV algebras for d-CY dg algebras. In order to define the BV operator (differential) ∆ on the Hochschild cohomology of a d-CY dg algebra, we need Van den Bergh dual whose proof is also included here for later use.
Theorem 10. (Van den Bergh [36] ) Let A be a d-CY dg algebra. Then there is a graded k-vector space isomorphism:
Then the following composition D is as required:
satisfy the following commutative diagram:
Note that the left column is just the tensor product of identity and the right column.
Secondly, the evaluation map ev : End A e (P ) ⊗ k (P ⊗ A e P ) → P ⊗ A e P induces the operator i f by the following commutative diagram:
where the map ev
, and the map ∩ : Hom
Note that the mapμ ⊗ id : P ⊗ A e P → A ⊗ A e P and the
− → P ⊗ A e P are inverse to each other when taking homologies.
Thirdly, the composition map comp : End A e (P ) ⊗ k End A e (P ) → End A e (P ) induces the opposite cup product on Hom π K e (BA, A) by the following commu-tative diagram:
Hom A e (P, A) ⊗ k Hom A e (P, A)
|f ||g| g ∪ f , and the map ς : Hom A e (P, A) A) . Note that the map µ * : End A e (P ) → Hom A e (P, A) and the map ς : Hom A e (P, A) → End A e (P ) are inverse to each other when taking homologies due toμ * • ς = 1.
Finally, using three commutative diagrams above, by taking cohomologies, we can obtain the desired commutative diagram in the theorem.
The Connes operator B on HH • (A) induces an operator of degree −1
on HH
• (A) by the following commutative diagram: 
Proof. Applying Lemma 11, we have
By Lemma 13, we further have Firstly, the map α : (P ⊗ A e P ) ∨ ⊗ k End A e (P ) → (P ⊗ A e P ) ∨ given by α(φ ⊗ f )(p ⊗ p ′ ) := φ(f (p) ⊗ p ′ ), and the map β : Hom A e (P,
given by β(ψ ⊗ f )(p) := ψ(f (p)), satisfy the following commutative diagram: Thirdly, the composition map comp : End A e (P ) ⊗ k End A e (P ) → End A e (P ) induces the opposite cup product on Hom π K e (BA, A) which has been mentioned in Lemma 13. Finally, using two commutative diagrams above and the third commutative diagram in the proof of Lemma 13, by taking cohomologies, we can obtain the desired commutative diagram in the theorem. ACKNOWLEDGEMENT. The authors are sponsored by Project 11571341 NSFC.
